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I. INTRODUCTION
Tensegrity robots are a form of articulated soft robots,
which consist of rigid bodies suspended in a network of
cables in tension such that no two bodies contact each other
[1]. Such structures are inherently soft and flexible, and many
types of tensegrity robots have been designed that leverage
this flexibility. These robots are able to adjust the lengths
of their cables to roll [2], [3], crawl [4], [5], climb [6], and
assist in quadruped locomotion as a flexible spine [7].
Control of tensegrity robots has proven challenging.
Model-based control has mostly been limited to lowdimensional structures [8], [1], [9], customized applications
[10], or else, machine learning is used [4], [5], [11], [12]. An
alternative for simple, rapid testing is open-loop control [13],
[6], [14]. Open-loop equilibrium inputs can also be used as
a reference trajectory for closed-loop control [15].
This work presents two variations on the inverse kinematics problems for tensegrity structures, as a form of openloop control. These problems solve for tensions in the robot’s
cables such that its rigid bodies remain in static equilibrium.
For a model of the robot as ξ˙ = g (ξξ , u ), control inputs u
are the rest lengths of the robot’s cables. Specifically, if the
robot has s cables, where cable k has length lk , rest length ρk ,
spring constant κ, and damping constant c, then the scalar
tension force Fk is
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Abstract— Tension-network (‘tensegrity’) robots encounter
many control challenges as articulated soft robots, due to the
structures’ high-dimensional nonlinear dynamics. Control approaches have been developed which use the inverse kinematics
of tensegrity structures, either for open-loop control or as
equilibrium inputs for closed-loop controllers. However, current
formulations of the tensegrity inverse kinematics problem are
limited in robotics applications: first, they can lead to higher
than needed cable tensions, and second, may lack solutions
when applied to robots with high node-to-cable ratios. This
work provides progress in both directions. To address the first
limitation, the objective function for the inverse kinematics
optimization problem is modified to produce cable tensions as
low or lower than before, thus reducing the load on the robots’
motors. For the second, a reformulation of the static equilibrium
constraint is proposed, which produces solutions independent of
the number of nodes within each rigid body. Simulation results
using the second reformulation on a specific tensegrity spine
robot show reasonable open-loop control results, whereas the
previous formulation could not produce any solution.
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Fig. 1: Application of one inverse kinematics controller
presented in this paper to an example tensegrity robot, in
simulation. This two-dimensional tensegrity spine performs
a counter-clockwise bend, open loop. The robot’s cables,
which are the control inputs to the system, are in red, and
the tracked position of the moving vertebra in blue.

Fk = κ(lk − ρk ) − c l˙k

∈ R.

(1)

Then the robot’s control inputs are formally defined as
u = [ ρ1

ρ2

... ρs

]> ∈ Rs

(2)

The inverse kinematics problem calculates Fk for each
cable at a given state ξ with l˙k = 0, then ρk are calculated
using eqn. (1). The following section presents the standard
form of this problem as has been used in past robotics work.
II. INVERSE KINEMATICS USING THE
FORCE-DENSITY METHOD
The calculation of Fk for each k becomes a statics problem,
where each rigid body must be held in static equilbrium. One
approach to this problem is the force-density method [6],
[16], [17], [18], which solves for the minimum 2-norm of the
force density in the structure subject to the static equilibrium
constraint. The force-density method transforms the set of
nonlinear force-balance equations into a linear system, and
its solution leads to approximately minimum-force control
inputs at an equilibrium point.
A. Force Density Method for Tensegrity Networks
The force density method for tensegrity systems, as networks of force-carrying structural members in tension or
compression, is outlined below. Here, we present a solution
for a 2D tensegrity structure (in the x,z plane), though the
results are generalizable to 3D tensegrity robots.

A tensegrity structure has s members in tension (cables),
r members in compression (bars, or parts of a rigid body), n
nodes, in a d-dimensional space (here, d = 2.) The tensegrity
structure is defined by three parameters. First, a connectivity
matrix C ∈ R(s+r)×n can be written that describes which
nodes are connected by members, where the first s rows of
C are assumed to correspond to cable members and the last
r rows correspond to bar members. This matrix C is defined
using a graph structure, where if member k ∈ {1, ..., (s + r)}
connects nodes i and j, then i-th and j-th columns in C are
set to 1 and -1 respectively for row k, as in
C (k,i) = 1,

C (k, j) = −1

(3)

All other entries in C are 0.
The second set of parameters are the locations of each
node, {xx, z} ∈ Rn , and the third is the set of external forces
present at each node, {ppx , pz } ∈ Rn . In robotics applications
such as [6], [15], {xx, z} are calculated by a coordinate
transformation of each member according to the robot’s state
vector. The external forces {ppx , p z } are calculated from the
gravitational forces acting at point masses at each node as
well as the reaction forces from the environment.
Given this definition of the structure, the forces in each
member (both bars and cables) can be found which hold
the system in static equilibrium. To do so, define the force
density vector q as
q = [ q1 , q2 , q3 , ... qs+r ]> ∈ R(s+r)

(4)

such that if member k holds a force Fk along its length of lk ,
Fk
(5)
lk
As seen in [6], [16], [17], [18] the force balance condition
for static equilibrium of the structure can be stated as
qk =

Cx = px
C > diag(qq)C
Cz = pz
C > diag(qq)C

(6)

As also discussed in [6], [16], [18], eqn. (6) can be
reorganized as
A q = p,
 >

Cx)
C diag(C
∈ R(nd)×(s+r)
A= >
Cz)
C diag(C
 
p
p = x ∈ Rnd
pz

(7)
(8)
(9)

Solving for a specific q vector of force densities can be
done by optimizing for the minimum total force density.
This requires adding the constraint that cables can only carry
tension forces. To do so, define two blocks of q as
 
q
q= s
(10)
qr
so that q s = [ q1 , q2 , . . . qs ]> ∈ Rs are the cable force
densities, and q r are the rod force densities respectively.

With the constraint that each tension member has a minimum force density of c ≥ 0 ∈ R, since cables cannot carry
compressive forces, the optimization problem becomes
min q > q
q

s.t. A q = p
qs − 1sc ≥ 0

(11)
(12)
(13)

The optimization problem of eqn. (11-13) is the standard
form of tensegrity inverse kinematics as used in [6]. If a
feasible q is found, the rest lengths ρk of each cable are
back-calculated from eqn. (5) and (1).
B. Optimality and Existence of Solutions
Two issues arise with (11-13). First, its objective function
optimizes for both the force densities in the cables as well
as in the bars. However, in robotics applications where we
assume the robot’s rigid bodies to carry as much force as is
required, this can lead to non-optimal solutions: the cables
may carry more tension in favor of less stress in the bar
elements, unnecessarily adding to motor load.
Second, issues arise with the existence of solutions to eqn.
(7). Solutions exist only if A has a nonzero null space. Since
A matrix has dimension (nd)×(s+r), this implies conditions
on the number of nodes and members. When the tensegrity
has many more cables and bars than nodes, such as in [6],
then (s+r)−(nd) > 0, so if A is full rank, an infinite number
of solutions exist to eqn. (7). However, this is not the case
for all robots. This condition is discussed extensively in the
structural engineering literature [19], [20], [9], [18].
III. REFORMULATION OF THE FORCE-DENSITY
METHOD FOR ROBOTICS APPLICATIONS
Two approaches are proposed, addressing each concern.
First, the objective function from eqn. (11) is modified, and
solutions are proven to have cable tensions less than or equal
to the original. Second, the constraint (7) is reformulated, so
that solutions can exist for different tensegrity geometries.
A. Optimization for Cables Force Densities Only
As opposed to optimizing for the total force density in all
members, an optimization problem can be written that only
optimizes the cable force densities. Noting that
>
q>q = q>
s qs + qr qr ,

(14)

a matrix can then be inserted into the objective to remove
the qr term, as in


I
0s,r
H= s
, q>H q = q>
(15)
s qs,
0r,s 0r
so that the optimization problem of
min q > H q
q

s.t. A q = p
qs − 1sc ≥ 0

(16)
(17)
(18)

now only contains q >
s q s as its objective.
This is an intuitive change, partially alluded to in [6], [15].
The following result formally characterizes this modification.
Proposition 1: The inverse kinematics optimization problem of (16-18), which only weights cable inputs, admits
solutions with a total cable force density q >
s q s less than or
equal to (11-13).
Proof:
Let the solution to (11-13) be q ∗1 . Such a solution exists
iff a solution exists to (16-18), since both have the same
constraints. Assume q ∗1 exists, and consequently, that a
solution q ∗2 exists to (16-18).
Denote q o as any other q that satisfies the constraints of
(17-18). By definition of the optimization problem, we have
>

q ∗2 H q ∗2 ≤ q o> H q o

(19)

Since q ∗1 also satisfies the constraints (17-18), pick q o =
q∗1 . Then,
>

>

q ∗2 H q ∗2 ≤ q ∗1 H q ∗1
=⇒

> ∗2
q ∗2
qs
s

> ∗1
≤ q ∗1
qs
s

(20)
(21)

This result, although somewhat trivial and mathematically
intuitive, is not necessarily obvious from a structural mechanics perspective.
This inequality is not strict. Counterexamples exist where
the total cable force densities are equal for both problems.
For example, let there be an inverse kinematics problem
with only one solution to (11-13), denoted q ∗ . Such a
problem occurs, for example, when only one solution exists
to A q = p . In in this case, q ∗ is also the only solution to
(16-18), and thus
q ∗ = q ∗1 = q ∗2

=⇒

> ∗2
q ∗2
qs
s

> ∗1
= q ∗1
qs
s

(22)

Therefore, under the assumption that the forces within the
rigid bodies of the tensegrity robots can be neglected, the
optimization problem with only cable force densities always
results in solutions that are more optimal than (or equal to,
in some cases) the original formulation.
B. Reformulation of the Static Equilibrium Constraint for a
Rigid Body Force and Moment Balance
The node-graph formulation of the constraint matrix (7)
can be adapted by instead considering a force/moment balance on the entirety of each rigid body, as opposed to each
rigid body’s individual nodes. The following derivation gives
a form of this adaptation for one specific type of tensegrity
robot (a two-dimensional, two-body system), and can be
generalized in future work.
Assume there are b rigid bodies in the structure and that
each rigid body has the same geometry, such that there are
η = bn nodes per body. Also assume that C is written to be
block-structured according to rigid body. Then, the p vector
of external forces, eqn. (9), can be collapsed from the force
for each node into the sum of forces for each rigid body:

p
p f = (Idb ⊗ 1 >
η )p

∈ Rdb

(23)

Also, the lengths of each of the cable members can be
calculated using the connectivity matrix, node positions, and
an additional term to remove the rod coordinates, as in:
H C x , d z = Ĥ
H C z ∈ Rs ,
d x = Ĥ


H = Is
Ĥ

0s,r



(24)

The force balance (without moments) for this twodimensional two-body tensegrity can then be written as


−dd x
 dx 
db×s

A f qs = p f ,
Af = 
(25)
−dd z  ∈ R
dz
For structures with b > 2 rigid bodies, where sets of cables
apply forces to multiple bodies, or d = 3 dimensions, the A f
matrix will have a more complicated block structure.
A moment balance for all rigid bodies is also required now,
since the point-mass formulation has been transformed into
a rigid body formulation. Denote the moment contribution
from cable k around the center of mass for rigid body b
as M(b,k) , a scalar for d = 2. Also denote the moments due
to external reaction forces (from p ) as Mbe . Note that both
of these quantities could be calculated automatically from
C , x , z , p }, although derivations are not provided here.
{C
Combine the M(b,k) moments into row vectors for each
body as M b = [M(b,1) , . . . , M(b,s) ]. Then, the moment balance
due to all cables (for b=2) is
 
 e
M1
M1
Amqs = pm, Am =
, pm =
(26)
M2
M2e
As with the force balance in eqn. (25), if b > 2 rigid bodies,
the Am matrix will have a more complicated block structure.
The total force and moment balance is then
 
 
pf
Af
Abqs = pb, Ab =
, pb =
(27)
Am
pm
This rigid body formulation (eqn. 23-27) can be combined
with the minimum force density optimization problem (eqn.
11-13) by substituting the equality constraints, as in
min q >
s qs
qs

s.t. A b q s = p b
qs − 1sc ≥ 0

(28)
(29)
(30)

C. Existence of Solutions to the Reformulated Problem
The matrix A b ∈ R(b+1)d×s , whereas the original constraint
from the node-graph formulation has A ∈ R(nd)×(s+r) . Since
a rigid body must consist of at least two nodes, n ≥ 2b.
We assume that a tensegrity structure contains at least two
bodies, and note that 2b > b + 1 for b ≥ 2. Together, this
implies n > b + 1 for b ≥ 2. Therefore, the reformulation
always reduces the number of rows in the equality constraint
matrix, since nd > (b + 1)d for any number of dimensions.

However, the reformulation also reduces the number of
colunms of the constraint matrix, from (s + r) down to just s,
and therefore does not always result in a reduction in the ratio
of rows to columns. Therefore, this reformulation has more
favorable conditions for the existence of a solution when the
tensegrity robot meets the following condition:
(b + 1)d − nd > r

(31)

However, it is the rank of the matrices A and A b that
determine the existence of solutions, not their dimension,
so this condition only provides a guideline for choosing a
formulation. Either the node-graph formulation or the rigidbody reformulation may admit solutions when the other may
not, suggesting that both formulations be examined for any
given problem.
IV. APPLICATION TO AN EXAMPLE TENSEGRITY
ROBOT
The tensegrity spine robot in Fig. 1 was controlled in
simulation using the solutions to problem (28-30), which
were obtained via a quadratic programming solver. For this
robot, eqn. (27) has solutions. More detail about the robot’s
geometry and equations of motion are described in [10], [15].
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Fig. 2: Center of mass of the vertebra from Fig. 1 over 4
sec. of open-loop inverse kinematics control, in simulation.
This controller produces a solution where none existed in
the previous formulation. In addition, this controller can be
automatically derived for any feasible structure, with the
caveat that since this control is open-loop, both simulations
(without noise in green and with added noise in pink) do not
reject modeling error.
The simulation in Fig. 1 spans 4 sec. of motion, over 6
cm. of translation, for a 30-cm.-tall robot. The controller was
operated at 10 Hz for 400 timesteps. Model error arises from
a difference in assumptions in the mass distribution of the
robot for the dynamics derivation. However, this result shows
that control inputs exist, are reasonable, and are suitable for
prototype use.
Future work will generalize this result to 3D structures
with more rigid bodies, examine modeling error in more detail, provide additional analysis of the existence of solutions,
and show demonstrations in hardware.
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